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IN THIS paper we study some properties of three dimensional manifolds foliated by 
planes. The main result is Theorem 3, which states the three dimensional torus is the only 
closed three manifold which admits a C2 foliation by planes; the author obtained this 
result in collaboration with J. Sondow. We show how this result gives information about 
Anosov Diffeomorphisms of three manifolds. 
THEOREM I (Stallings [6]). Let V be a closed three-dimensional manifold which is 
irreducible, that is, every tamely embedded two-sphere in V bounds an embedded ball in V. If 
there is an epimorphism of q(V) to Z whose kernel is jinitely generated and not Z, , then V 
is ajbre bundle over S’ with fibre a closed two-manifold. 
THEOREM 2 (Rosenberg [3]). Let V be a closedn-manifold with afoliation of class C2 each 
of whose leaves is R”-I. There is a covering map p: R” x S’ + V and x,(V) is free Abelian. 
THEOREM 3. Let V be a closed three-manifold. If V admits a foliation of class C2 each 
of whose leaves is homeomorphic to R2, then V is homeomorphic to S1 x S’ x S’. 
LEMMA 1. Let V be a manifold andp: R” --, V a covering map. V is irreducible provided 
n > 2. 
Proof. Let S be a tamely embedded n - l-sphere in V. Since S is simply connected, 
there is a tamely embedded n - l-sphere S, in R” such that p(S,) = S. By Schoentlies’ 
Theorem there exists an embedded n-ball D in R” whose boundary is S,. To show p is 
injective on D it suffices to prove gD n D = 0 for every non-trivial covering transformation 
g. If gD n D # 0 for some g, then gD c D or D c gD since p is injective on S,. Thus g 
has a fixed point which implies g is the identity. Hence S bounds the ball PD. 
Proof @-Theorem 3. According to Theorem 2, nl(V) is free Abelian. It is not zero, 
for by Haefliger’s Theorem, every foliation of codimension one of a closed simply connected 
manifold has a non simply connected leaf [l]. Let x1, . . . , x,, be a basis of x,(V), and 
define an epimorphism of nl( V) to Z by sending x1 to 1, Xi to zero for i # 1, and extend 
linearly. The kernel is not Z, and is finitely generated; hence by Theorem 1, V is a fibre 
bundle over S’ with fibre a closed two-manifold T. 
Considering the homotopy exact sequence of this fibre bundle, we see that x,(T) is 
mapped injectively into nl( V) by the homomorphism induced by the inclusion i: T c V, 
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and 7rn,(T) is isomorphic to nz(V). Since rci(V) is free Abelian and V is covered by R3, we 
have xi(r) free Abelian and nZ(T) zero. Thus T is S' x S'. 
Now V is homeomorphic to T x R where (x, 1 + 1) is identified with (f(x), t) for 
x in T, t in R, f: T--f T a diffeomorphism. Hence rrl( V) is the free group on three generators 
a, b, c with the relations ab = ba, c-luc = f*(a); c-‘bc = f++(b); a, b generators of z,(T) 
and f++ : n,(T) 3 x,(T) the homomorphism induced by J nr(V) is Abelian, so f*(u) = a 
and f#(b) = b. This implies f is isotopic to the identity of T hence V is homeomorphic to 
T x S’ = S’ x S’ x S’. 
COROLLARY 1. If do is a C2 action of R2 on a cIosed three-manifold V such that 4,(x) = 
x only if r = (O,O), then V is homeomorphic to S’ x S1 x S’. 
COROLLARY 2. Let V be a closed three manifold and f : V -+ V an Anosov Direomor- 
phism (the definition may be found in [2]). Zf the foliations associated to fare of class C2 
then V is homeomorphic to S’ x S’ x S’ undf has a fixed point. 
Proof. It is a general fact that the leaves of the associated foliations are homeo- 
morphic to Euclidean space. Indeed, let F,, F2 be the associated foliations, with the dimen- 
sion of the leaves of F1 equal to k and those of F2n - k, n the dimension of V. Either f 
orf-’ is contracting on I;; so assume f is contracting on F1. Let x E V and L E F1 be the 
leaf containing x. Let Di be the k disk of radius one with center f ‘(x) which is contained 
in the leaf of Fi containing f i(x). Define Ei = f -‘(Di) ; El is a k disk containing x and 
Ei c Ei+l c L for all i. Since f is a contraction on E;, L = Ui Ei , thus L = Rk. Now if 
n=3,wehavekorn-k=2,thusbyTheorem3,V=S1xS’xS’. 
Suppose that k = n - 1, L is a leaf on F1 and A a leaf of F, . Let W be the universal 
covering space of V, H the foliation of W obtained by lifting E;, B a lifting of A to W 
and g : W-t W a lifting off. It is proved in [3], that each leaf of H intersects B in exactly 
one point. Define a map h : B -+ B by h(x) = H(g(x)) n B, whereH (g(x)) denotes the leaf 
of H containing g(x). One observes that h is a contraction or expansion of B and since B 
is homeomorphic to R’, h has a fixed point x. Thus H(x) is invariant by g and by projecting 
down to V we see there is some leaf of F1 left invariant by f. Since this leaf is homeomorphic 
to R”-’ and f is a contraction or expansion on this leaf, f has a fixed point. 
Remark: This argument proves an Anosov diffeomorphism has a fixed point when 
ever the association foliations are of class C2 and one is of codimension one. 
Theorem 2 depends on some deep results of R. Sacksteder, [5]. In this section we will 
clarify some of the geometry involved in Theorem 2. We also give an independent proof 
of the irreducibility of a three-manifold, not necessarily compact, which is foliated by 
planes. 
THEOREM 4 (Sacksteder [5]). Let V be a closed n-manifold and F an orientuble foliation 
of V of codimension one such that F has no compact leaves and each leaf of F has a trivial 
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holonomy group. There is a transverse vector field n to F which leaves F invariant, that is, 
n(t)(L) is a leaf of Ffor each t in R and L in F. 
THEOREM 5. Let V be a closed n-manifold and F a foliation of codimension one such 
that each leaf of F is simply connected. Let a be a non-zero elemerzt of q(V, x0). There is a 
closed curve through x,, which represents a and is transversal to F. 
Proof. If F has a compact leaf, the Reeb Stability Theorem implies F is a product 
foliation and one may easily define a vector field n which leaves F invariant. If there are no 
compact leaves, then such a vector field exists according to Theorem 4. With respect to 
some Riemannian metric on V, n is a unit normal vector field; that is, n is normal to the 
leaves of F at each point. Let w be the one form dual to IZ in this metric; in particular, 
o = 0 defines F and do = 0. 
Let G = nl(V, x0) and a be an element of G. We shall prove now that there is a 
representative f = fk O.. . o fi, where each fi is a path in V, fi: I-+ V, such that fi(I) is 
contained in a leaf of F or an integral curve of n. Let U,, ... , Cr, be a covering of g(l), 
where g is any representative of a and each Ui has coordinates (xi, x2, x3) such that 
Fn Vi consists of the placques x3 = constant, and the orbits of n in Ui are the 
curves x1 = constant, x2 = constant. Choose a subdivision t,, . . . , t, of I, t, = 0, t, = 1, 
such that g([ti , tl+l]), is contained in some Uj , for each i. Consider g([tl, t2]), and let 
j be such that g([tl, t2]) is contained in Uj . In the coordinate system of Uj we have 
g(tl) = (x1, x2, x3) and g(tJ = (yl, yz, y3). Define paths fi, fi in Uj as follows: 
f1(t) = (1 - t)(+ x2 9 x3) + t(y1, Y2 9 x3) 
f2Ct) = (1 - WI, Y2 9 x3) -I- t(y1, Y2 3 Yd. 
We have g([tl, tz]) homotopic in Uj to f2 o fi, the homotopy keeping the endpoints 
fixed. fi is contained in a leaf of F and f2 is part of an orthogonal trajectory. Now repeat 
this in the U, containing g[t2, t,]; after k steps we obtain the desired f representing a. 
For each i, define si = Jsi w and s = s1 + ... + s, = Ja o. We know si is zero iffi is con- 
tained entirely in one leaf, and otherwise si is positive or negative according as the orientation 
Offi is the same as the orientation of the n-orbit or opposite. 
We will now find a representative of a having the same form asf, such that all non-zero 
Si have the same sign as s. Suppose s1 > 0, s2 = 0, and sj < 0, s1 > 1~~1. Define paths 
fi’, f2’ as follows: 
fl’@) = 4tc% + smcJ 
f2’W = nMfi(tN. 
Since n leaves F invariant, f2’ is contained in one leaf of F. Also, f2’ o fi’ is homotopic 
to f3 o f2 o fi, relative to the endpoints; a homotopy is F(t, s) = c,(t) 0 b,(t) 0 a,(t), where 
a&) = n(t((1 - s)si + ~(6 + +)))(xJ 
b,(t) = n(ssd(f2(t>) 
c,(t) = n((l - t)ss, + ts, + ss3)(f2(l)). 
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If s1 < 1.~~1, define pathsf,‘,f,’ as follows: 
f,‘(t) = 4 - %)(f&)) 
f3’(t) = n(t(s, + &))(f2’(1)). 
We havef,’ contained in one leaf, f3’ is part of an orthogonal trajectory, and f3 0 f2 0 fi is 
homotopic to f3’ 0 fi’. Thus f may be replaced byf, 0 ... 0 fs 0 fi’ 0 fi’ orfk 0 ..a 0 f4 D f3’ 0 fi’, 
and in any case we have cancelled the difference in sign between s1 and sj . Now by an 
inductive argument we may make f of the form f = fk 0 ... 0 fi where each si has the same 
sign, possibly zero. This sign must be the same as s since s = s1 + *.. + s,. 
Ifs = 0, then each si is zero and f is contained in the leaf of F containing x0 . This leaf 
is simply connected, hence a = 0. 
If s is not zero, we may assume without loss of generality that s1 = 0, s2 > 0, s3 = 0, 
s4 > 0. Let gl, g2 be the paths: 
s1(t) = n(W(f1(0) 
g2(0 = n(&)(f&)). 
We have fi 0 fi homotopic to g1 and f4 0 f3 homotopic to g 2 ; both homotopies relative to 
the end points. Both gl, g2 are transversal trajectories having the same orientation, and 
gl(l) = g2(0). The path g2 0 g1 is smooth except at gl(l). Approximate this by a smooth 
path g which is transversal to the foliation at each point, is homotopic to g2 0 g1 and has 
the same endpoints as g2 0 gl. f may then be replaced by fk 0 .a. 0 fs 0 g. Induction on k 
completes the proof. 
COROLLARY. If V satisfies the hypothesis of Theorem 4 then zl( V) is torsion free. 
PROOF. Let x be a non zero element of q(V) and C a closed curve representing x 
which is transversal to the foliation F. According to Haefliger’s Theorem, an integer 
multiple of C being homotopic to zero, implies F has a non simply connected leaf, [l]. 
Thus n3c # 0 for each integer n # 0. 
Remark. In [3], it is proven nI(V) is free Abelian as follows: one defines H = 
{a E %(V? %)/JD co = 0} and proves the covering space of V over His R”; thus H is trivial. 
H contains the commutator subgroup of V hence q(V) is Abelian. If a is a non zero element 
of q(V) then Jn. o = n su w for each integer n; hence nu # 0 and there is no torsion. It 
follows that q(V) is free Abelian. 
THEOREM 6. Let V be a three-dimensional manifold, not necessarily compact, and F a 
foliation of V by planes R’. Each embedded two-sphere in V bounds an embedded bull. 
Proof. Let S be an embedded sphere in V which we may assume to be in general 
position with respect to F by the Thorn Transversality Theorem. Let G be the foliation of S 
whose leaves are L n S, L in F. S and Fin general position means G has a finite number of 
singularities, and each is a center or saddle point. The singularities of G are the points of S 
where S is tangent to a leaf of F. By a slight displacement of S in a neighborhood of each 
singularity, we may assume no two singularities of G lie on the same leaf of F. Thus at each 
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saddle point of G, the connected component of L(x) n S which contains x is a figure eight; 
L(x) denotes the leaf of F containing x. 
We remark that each element of G is a closed curve, possibly a figure eight or singular- 
ity. If this were not the case there would be a curve in G which had a closed curve D of G 
in its limit set, by the Poincare Bendixon Theorem. The leaf L of F, which contains D, 
would not be simply connected since D defines an element of infinite order of the homology 
group of L. 
It is clear that G contains at least two singularities which are centers. Let p be a 
center of G and U a neighborhood of p with coordinates (X1, X, , X,) such that F n U = 
{(Xl, X2, X,)/X, = constant}, and ]Xi] < 1 for i = 1,2,3. In this coordinate system we 
may choose S so that S n U = {(Xl, X2, X,)/X, = Xf + Xi}, and p = (0, 0,O). Let C be 
theelementof Gdefined by: C= {(X,, X,, X,)/X, = X: + X: = l}.LetDbethediskonthe 
leaf of F containing C whose boundary is C. Let E be the disk contained in S with boundary C 
such that p is in E. It is clear that E u D bounds a ball in V. 
Let A be a two dimensional disk on S which containsp in its interior and is the union 
of elements of G, each of which (with the exception of p) is homeomorphic to S’. We 
parametrize A by C(t), 0 < I < 1, where C(0) =p, C(t) is an element of G homeomorphic 
to S1 for t > 0, C(1) = aA, and C(t) varies continuously with t. Each C(t), for t > 0, is the 
boundary of a unique two dimensional disk D(t), which is contained in the same leaf of F 
as C(t). Let E(t) be the unique disk in A with boundary C(t). 
An isotopy of S shall be called admissabfe if the foliation G of S is preserved at each 
stage of the isotopy. We shall now prove that an admissable isotopy of S may be performed 
as that D(1) u A bounds a ball. The proof is rather long. 
If for each t > 0, p does not belong to D(t), then D(t) u E(t) bounds a ball and no 
isotopy of S need be performed. Indeed, we will now prove that in this case, u (D(x)/ 
0 < x < t} is a ball with boundary D(t) u E(t). The disks D(f), 0 < t < 1 must be pairwise 
disjoint, for if not, either there is a smallest positive t such that for some s, s > t, we have 
D(t) n D(s) #, @ or there is a sequence si -+ 0 and a sequence xi such that si # xi and 
D(si) n D(x,) # @ for each i. Consider the first possibility. We know C(s) is disjoint 
from C(t) hence D(t) c D(s) or D(s) c D(t); both events are treated similarly so assume 
D(s) c D(t). Let n be a transversal vector field to F, chosen so that the integral curves of n 
carry C(t) to C(x) for x in some neighborhood of t. Since C(t) bounds the disk D(t) on 
its leaf of F, II carries D(t) to D(x) for x near t. Consequently, there exists an 6 > 0 such 
that the integral curves of IZ define a homeomorphism between U(D(x)/t - c < x < r} and 
D’x[O, 11. We know C(s) c D(t) and S is transversal to D(t) at C(s), hence for some x 
such that t - c < x < t, there exists s’ near s such that C(s’) c D(x). This implies D(d) c 
D(x) which contradicts the minimality of t. Now consider the latter possibility: there is a 
sequence si --) 0 and Xi such that si # xi and D(SJ n D(x,) # 121 for each i. After passing 
to subsequences we may assume xi converges to x. We have already seen that D(sJ u E(s,) 
bounds a ball for i large; hence xi is bounded away from 0 for large i and x # 0. Now 
u{D(t)lx - 6 < t < x + S} is homeomorphic to 0’ x [0, I] for 6 sufficiently small; hence 
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D(XJ -+ D(X) and p E D(X). This contradicts our initial assumption, hence the disks D(t) 
are pairwise disjoint. Using the integral curves of n, it is now a simple matter to construct 
a homeomorphism between D3 and U{D(x)/O < I < t} for any t in [0, 11. 
Suppose now that p belongs to II for some t,, 0 < tl < 1, and p I$ D(t) for t # t,. 
Using the same argument that we used earlier, one may prove the disks D(t) are distinct 
for 0 < t < t, ; consequently that R = U{ D(x)/0 < t < tl} is a ball with two points on the 
boundary identified, corresponding to p and the point of D(tl) where p is. The only 
difficulty that arises is the following: if si and xi are sequences such that si # xi for all i, 
si + 0, xi -+ X, and D(s,) n D(Xi) # 0, then one must prove x # t,. We will assume x = t, 
and arrive at a contradiction. There is 6 > 0 such that if tl - 6 < s < t, there exists a 
unique s’ near 0 satisfying D(s) 1 D(s’) and the function h(s) = s’, h(t,) = 0, is continuous. 
Clearly, if h is defined and continuous on the interval [s, tl] ,then there exists 6 > 0 such 
that h is defined and continuous on [s - E, tl]. Let B = {s/s < t, and h is defined and con- 
tinuous on [s, tl]}. We know y = g.1.b. B is positive, and h is not definable at y since 
y = g.1.b. B * h is a bounded decreasing function on (y, tl) hence limit h(s) = 2 exists. We 
S+Y 
have D(h(s)) c D(s) for y < s < t, hence D(Z) c D(y). If S were transverse to Palong D(Z) 
then h could be extended past y hence S is not transverse to F along D(Z) which is a con- 
tradiction. This proves the disks D(t) are distinct for 0 c t < t,. 
We will now show that after an admissable isotopy of S, we may obtain A n interior 
D(tl) = p. Let Al, . . . , A, be the intersection curves of A n interior D(tJ. Each A, is a 
simple closed curve on A which bounds a disk Bi contained in D(tl). We know p $ Bi since 
p belongs to exactly one D(t). Relabel so that A, contains no Aj in B, for i # 1. Let E1 be 
the connected component of S - A, contained in R. We have B, u El a tame two sphere 
contained in a subset of V homeomorphic to R3 hence by Schoenflies Theorem, El u B, 
bounds a ball T c R. Now we may perform an admissable isotopy of El across T so as to 
remove the intersection curve A, from D(tl). Continuing this process, we may assume that 
A n int D(tl) =p. 
Next we observe, that for t sufficiently close to tl, t > t,, the disk D(t) is disjoint from 
every disk D(s) for s # t. We already know D(t) n D(s) = @ if t # s, 0 < t, s, < tl. Assume, 
on the contrary, that for some sequence Si -+ t,, Si > t,, there exists xi with si # xi and 
D(s,) n D(xi) # @ After passing to subsequences, we may suppose Xi + x. Clearly there 
is some neighborhood oft, such that Xi does not belong to this neighborhood for i sufliciently 
large, hence x # t,. NOW D(Si) n D(Xi) # @ for all i hence D(tl) n D(x) = 0, hence 
D(x) c D(tl) or D(tl) c D(x). We know D(x) is not contained in D(tl) since A n int 
D(tl) = p. Also D(tl) is not contained in D(x) for then p would be in two disks. This is 
impossible, hence there exists 6 > 0 such that if tl - E < t < t,, D(t) n D(s) = @. if t # s, 
O<sdl. 
Let R, = U{ D(x)/t, - .c < x < tl} ; RI is homeomorphic to D’x[O, 11. Let N be a disk 
in R, satisfying i3N = C(t,), N is transversal to F except at one point p’ E int D(tl - .s), and 
A’ = N u (A - E(t,)) is a smooth manifold. Let S’ be the sphere (S - A) u A’. S is 
isotopic to S’ by an admissable isotopy : one dispaces E(t,) across the ball R to N, sending 
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p top’ and keeping C(t,) fixed. Now S’ has the property that p’ does not belong to any 
disk D’(t) for 0 < t < 1, since D(tl - E) is disjoint from all other disks. Hence for S’ we 
have A’ u D’(1) bounds a ball. 
Now suppose p belongs to 1 disks D(tl), . . . , D(t,) and 0 < t, < t, < *. . t, . Exactly as 
before, one proves the disks D(t) are pairwise disjoint for 0 < t < t,. By an elementary 
linking number argument, one may show D(tl) c o(ti) for each i # 1. Next one ensures 
A n int II = p, as was done earlier. This implies there exists 6 > 0 such that if t, - .c 
< t -c tl then D(t) is contained in exactly I- 1 disks of U{D(x)/O < x < l}. One now 
performs the same construction as in the case I = 1, to obtain a sphere S’ and p’ such that 
p’ belongs to exactly I- 1 disks. It follows by induction that A u D(1) bounds a ball after 
an admissable isotopy of S. 
If the only singularites of G are two centers p and q, then the previous discussion implies 
S bounds a ball. Indeed the curve C(1) of the previous paragraph may be taken to be arbi- 
trarily close to q. We know E(1) u D(1) bounds a ball B1. Let E2 be the closure in V of 
S - E(1). If C(1) is close enough to q then E, u D(1) bounds a ball B, whose interior is 
disjoint from Bl. Thus Bl u B, is a ball with boundary S. 
We will now describe a method of cancelling saddle points when they cocur. If G 
contains a saddle point then there is a saddle point x on S such that the figure eight R of G 
which passes through x on S is composed of two simple closed curves A, and A, each of 
which bounds disks El, E2 such that each disk contains exactly one center, and every other 
element of G in E1 u E2 is a simple closed curve (Fig. 1). 
FIG. 1 
The elements of G near R and disjoint from El u E, are simple closed curves. Let 
C be such a curve and D the disk with boundary C which is contained in the same leaf of 
G as C. Let C(t) be the simple closed curves of G between C and R, parametrized continu- 
ously so that C(0) = C, C(t) + R as t + 1, 0 < 1 < 1. Each C(t) bounds a disk D(t) on its 
leaf of F. Let L be the leaf containing R, and B,, B2 the disks on L with boundary A,, A2 
respectively. We know a transverse vector field n to F lifts each C(t) onto nearby leaves so 
that the image is a closed curve. Let n be chosen so that the orbits of n lift C to C(t), hence 
D to D(t). As before we see that D(t) n D(t’) = @ if t # t’. Thus the set K = u {D(t)/ 
0 < t < 1) is diffeomorphic to D*x[O, 00) and the closure of K in V is K u Bl u B, . 
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Let M = {x> u {C(t)/0 < t < 1). Choose a smooth simple closed curve T on M 
which passes through x, is transverse to each C(t) except at one point y, and is homotopic 
to A, on the closure of M (Fig. 2). T bounds a disk U whose interior is contained in K 
and which is transverse to each leaf in K except at y. 
FIG. 2 
Suppose S meets the interior of B,. After an isotopy of S we may assume the inter- 
section is transverse. Hence the intersection consists of a finite number of simple closed 
curves H,, . . . , Hk . We have seen that the sphere El u Bl bounds a ball B in V. Choose 
i so that there is no Hj in the interior of the disk Mi contained in B, with boundary Hi, 
that is, 8Mi = Hi. Let N, be the disk on S such that aNi = Hi, and Ni is contained in B. 
We have Ni u Bi a two-sphere contained in B and since B is a ball, Ni u Bi bounds a 
ball Fi in B. Now Ni may be isotopically displaced across Fi until the intersection curve 
Hi is removed from B. Repeating this for each Hi we may assume that S is disjoint 
from the interior of E,. By the same reasoning, we may make S disjoint from the interior 
of K. 
Now S is isotopic to the sphere S, = (S - El) u B, ; the isotopy is obtained by dis- 
placing the disk El across the ball B to B,. Let T, be the disk on S, with boundary T which 
contains A,. S, is isotopic to S, = (S, - TJ u U; the isotopy obtained by displacing Bl 
to U in K. The sphere Sz may be smoothed along the corner T to obtain a sphere S, which 
is isotopic to S and has two fewer singularities in S, n F than G; one of them the saddle 
point x. 
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